In this paper we discuss a spatial mechanism for the evolution and maintenance of sexual reproduction. We consider three related models in which sexual reproduction is maintained by parasitism despite the twofold reproductive advantage to pathenogenic females. These models take into account that fact that the populations are spatially extended and that the e ective local population size is relatively small. They do not rely on the deterministic cycling of genotypes but on the dynamically produced local stochastic genetic variation. The primary model is a probabilistic cellular automaton. In this, for a wide range of parasite mutation rates, the parasites maintain a spatially genetically heterogeneous population of sexuals and this allows the sexuals to overcome the twofold advantage of asexuals because parasites and their adaption are much less e ective in a stochastic spatial genetic structure. We also consider the case where the sexuality rate S (the proportion of the time the host breeds sexually) is slowly evolving. With such slow mutation, we nd that both sexual (S = 1) and asexual (S = 0) populations are evolutionarily stable. We examine two other models which allow us to consider the mathematical conditions under which the advantage of this spatial genetic structure overcomes the twofold advantage of asexual reproduction.
Introduction
The evolution of sexual reproduction has long puzzled biologists and remains one of the most di cult and exciting topics of evolutionary genetics. In 1862 Charles Darwin described the subject as \hidden in darkness". He said:
\We do not even in the least know the nal cause of sexuality; why new beings should be produced by the union of the two sexual elements, instead of by a process of parthenogenesis ... "
Over a century later Maynard Smith (1976) concluded that \One is left with the feeling that some essential feature of the situation is being overlooked." The basic problem concerns the so-called twofold cost of sex arising from the needless production of males.
A parthenogenic female may produce twice as many daughters as a sexual female because males are redundant, and yet sexual creatures abound. In an organism with equal numbers of each sex and without parental care, a rare gene that suppresses meiosis and causes the production of diploid eggs that develop without fertilisation into females genetically identical to the parent would double in frequency in each generation. Thus for sex to be stable it must confer some substantial extra advantage that can over-come this twofold advantage.
The two main candidates for an explanation concern mutational clearance and parasite resistance. In the rst of these recombination acts against the tendency for slightly deleterious mutations to accumulate. In the second it acts to produce the genetic diversity which enables hosts to resist their parasites. It is this theory that we shall be concerned with here.
Hamilton (1980, 1982) has argued that sexual reproduction is likely to be an adaption that enables large multi-cellular organisms to resist exploitation by smaller specialised short-lived parasites and pathogens. In particular, Hamilton et al. (1990) present a model in which sexual hosts obtain a substantial regular advantage which is often adequate to overcome the twofold cost. In his model non-trivial population dynamics (in which common genotypes carrying abundant alleles are consistently removed by fastadapting parasites) combine with population lags to cause overshooting and cycling. However, the removed genotypes are not lost because sex acts so as to temporarily store them until they can be recreated by recombination.
Following on from Hamilton's ideas, we wish to present a di erent, more general mechanism by which sex can resist parasites by creating genetic diversity. In support of this we construct three related and simple but generic models. Our proposal is compatible with Hamilton's model and both mechanisms could be combined to give even more force to the argument. However, there are also a number of important di erences. For example, our mechanism, does not need the dynamic cycling that is necessary for Hamilton's mechanism. Spatial structure and local stochastic uctuations can replace the temporal heterogeneity and deterministic cycling of genotypes. Moreover, this spatial mechanism appears to be extremely robust.
Our mechanism depends upon the fact that real host-parasite ecologies are spatiallyextended. The individuals have a strong tendency to interact mostly with their neighbours. Moreover, the local population with which they interact is relatively small. Secondly, recombination in the sexual host population acts so as to produce a genetic environment that is randomly distributed in space, but statistically invariant in time. In contrast, asexual reproduction will produce clumping in space of genetically identical individuals. Such clumps can be e ciently exploited by the rapidly evolving parasites. On the other hand, a parasite in the spatially random environment produced by a sexual species has a tougher time and hence a reduced e ect upon the host's tness. Since it sees only a relatively small local population of hosts and since the local genetic eld is random, the genetics of this small local population will have large uctuations and be far from equilibrium. Thus the parasite will often encounter neighbourhoods where it cannot survive or is very ine ective. Moreover, these large uctuations mean that it is di cult for the parasites to adapt because its e ective environment is so uncertain. This is particularly the case if the parasites attack strategies are constrained, for example if the hosts biochemical recognition strategies depend upon a relatively simple epitope. It would not be the case if the parasite could develop e ective generalist strategies.
Thus we see that, whereas Hamilton's model depends upon deterministic cycling, the driving force of ours is spatial stochastic uctuations in the host genotype. At the same time, provided it is large, the systems as a whole and its population sizes are in a stationary equilibrium with the local uctuations caused by the stochastic nature of the model.
Before proceeding further we wish to brie y discuss the relationship between the models we present. We have observed the e ect of local spatial correlations and large scale spatial uctuations in a number of our quite complex individual-based spatial models (Keeling 1994) . We start our discussion by considering such a model which is a probabilistic cellular automaton (PCA). Such models are excellent for developing intuition and formulating conjectures, but, as models, they su er from a number of de ciencies largely related to the lack of mathematical understanding of them. These include the di culty of distinguishing transient from steady state behaviour, lack of understanding about the number and type of asymptotic states, the large number of parameters and our ignorance about the e ects of varying these, and uncertainty about the dependence upon the particular interaction structure assumed.
Therefore, together with such individual-based models one should consider more controllable models which capture the essential features. To this end we examine two further models. The rst uses di erence equations which capture the spatially aggregated structure of the sexual and asexual population to study the invasion of one by the other. It also explicitly handles the varying genotypes of the hosts and pathogens. It has all the features thought to be relevant in the spatial model, but has the advantages of deterministic results and rapid computation. The second is a simple population model which extracts the essential observations listed above to give a very simple quantitative description of our mechanism. The simpler models allow us to address the basic problem of determining the mathematical conditions under which the advantage of this spatial genetic structure overcomes the twofold reproductive advantage of asexual reproduction.
A cellular automaton model
In this PCA model space is represented by a L L lattice. Each site x of the lattice can be in one of three basic states, empty, occupied with a healthy host or occupied with an infected host. These are further broken down by whether or not the host reproduces sexually, and by the genotype of the host and parasite. The host species can grow slowly and probabilistically into any neighbouring site, where the neighbourhood is of the four cell Von Neumann type. The parasite can infect any neighbouring host, but the likelihood of infection and the e ects are dependent on the host and parasite genotypes.
The host species have a growth rate r, a natural death rate d, and a sexuality rate S which is the proportion of the time the host breeds sexually. Each host in the model has a genotype G H = G H 1 : : : G H 8 which is a string of eight binary bits G H j and hence can be thought of as an integer lying between 0 and 255. A sexual host breeds with a randomly selected sexual host from its local environment and the genotype of the o -spring is a random combination of the parents' genotypes. If no other sexual hosts exist in the extended neighbourhood then the host fails to breed. Each parasite also has a genotype G P which again is an eight bit string, the closer this string matches the host string the higher the parasite's transmissibility T and virulence V and the lower the host's recovery R and growth rate g. This is assumed to act in the following way:
where M(G H ; G P ) is the proportion of sites in the two strings that are the same. In these expressions the value of M(G H ; G P ) is squared so that there is a far greater weighting for a perfect match. This produces greater specialisation of parasites on particular host types. It should be noted that g is an increasing function of the host genotype G H .
Consequently, there would be selection for high genotypes in the absence of parasites.
To allow the parasites to respond to a changing host environment their genetic string can slowly mutate, the probability of a change at any one site is per iteration. This will be much larger than the mutation rate per replication observed in the natural world ( 10 ?6 ) because a single iteration corresponds to many parasite generations.
Primarily, interest will be centered on the invasion of a population of sexual hosts by asexual ones and vice-versa (i.e. S = 0 or S = 1). As can be seen in gure 1, the asexual hosts form clumps of identical genotypes, which are then vulnerable to a specialised parasite once it has evolved, whereas the sexual hosts are far more diverse and hence less susceptible. This gure agrees with our earlier assertions and the ideas shall now be quanti ed. Figure 2 shows the proportion of sexual and asexual hosts for various mutation rates for the parameters given in table 1 
0.02 0.005 0.99 0.1 0.0 1.0 1 -0.7 0.7 0.6 -0.9 Table 1 : Typical parameter values used in the PCA.
Similar results are obtained if the e ects of parasitism are weaker (i.e. g M , T M , V M and R M of less magnitude) but, because the model is stochastic, larger lattices, more iterations and many more simulations will be needed to get results of similar clarity. The starting conditions which have a low density of both host types are chosen so that the initial twofold advantage of the asexuals does not swamp the system. Similar results are obtained independent of the initial conditions so long as the sexual host survive long enough for the parasites to become well established. A graph of the number of sexual and asexual hosts against the mutation rate of the parasite . The numbers are a 500 iteration average measured after 500 iterations have been ignored to remove transients. The lattice size is 100 100 cells. The system was started with a small number of asexual hosts and a much smaller number of asexuals.
For large values of , the parasites are able to mutate so fast that they quickly evolve in response to their local environment and so can take advantage of both sexual and asexual hosts. This appears to be biologically unstable because if the parasites evolved fast enough that they could always take advantage of any host then the host species would no longer be viable and there would be selective pressure towards hosts with shorter life cycles.
For lower values of , the parasites are only able to specialise if there are areas of identical hosts as only then is there enough time for the su cient number of mutations. This means that only larger patches of identical asexual hosts are badly a ected by the parasites and these are quickly wiped out. As the value of decreases still further, larger and larger numbers of identical hosts are required before the parasites become specialised. This has two e ects, rstly small patches of asexual hosts will escape highly detrimental parasitism so there will always be a number of asexuals in the population, and secondly as decreases even further the area needed becomes comparable with the lattice size and the sexual population is forced out. When the system was run on a larger lattice for longer the sexuals dominated for a larger range of . Figures 3 and 4 show the typical change in host and parasite numbers over time. Figure 3 clearly shows a rapid increase in the number of asexual hosts at the early stages due to their twofold reproductive advantage. However, the high concentration of genetically identical hosts after 50 iterations causes an increase in parasite numbers which rapidly reduce the parthenogenic population. Now that the areas of asexual dominance have a high parasite burden, the less vulnerable sexual population is able to out-compete it and the sexual numbers slowly rise. After the initial peak in the number of parasites at around 130 iterations the population settles down to a fairly constant value, despite the decrease in the asexual population. Figure 4 illustrates the mechanisms and genetics in more detail. Graphs (a), (b) and (c) respectively show the proportion of sexual and asexual hosts and all parasites as a function of time and genotype. For the sexual hosts (graph (a)) the frequency of the genotype changes over time from the initial even spread to a distribution aggregated towards the higher end, where there is an advantage of higher growth rate, but a disadvantage of higher parasitism. Despite the twofold change in growth rate over the genotype range, the presence of parasites is su cient to maintain a high degree of diversity in the population.
For the asexual hosts (graph (b)) there is again dominance by hosts with higher genotypes. The resulting genetic diversity is small compared to the sexual hosts. The extinctions of family lines can be clearly seen. From graph (c) it is clear that once most of the asexual hosts have been removed, the average genotype of the parasites increases as they home in on the biased sexual genotype.
Graph (d) shows the proportion of each host type that is infected by a parasite. The results presented above are all for the invasion of a population of purely sexual species by a group of purely asexuals. We see that provided is in the appropriate range then a small population of sexual hosts will be able to invade a larger population of asexuals. We now discuss this question for the case where we allow the sexuality rate S to slowly evolve. Such a situation is natural because genetic variability has been found in populations for the frequency of recombination. Also it is believed that the re-emergence of asexuality in many of the higher organisms evolved from sexual reproduction due to females producing a small proportion of unreduced automitic eggs. Here the results are di erent. With such slow mutation, we nd that both sexual (S = 1) and asexual (S = 0) populations are stable. to small mutations.
Three scenarios of invasion and evolution have been studied. For the range of mutation rates considered, if two species which are nearly fully sexual (with sexuality rates S and S ? S) compete from equal starting conditions, then the lower sexuality rate almost inevitably wins, and hence a slow decrease to asexuality is seen. If however the system starts with the entire population being of sexuality 1, and only a small number are allowed to mutate to 1 ? S (which is a more realistic scenario), then the population returns to full sexuality as the mutants fail to invade. Finally, if the initial state is for all individuals to start with a low sexuality rate (S < 0:5) then by mutation a slow decline to asexuality is observed, with the selective pressure decreasing as the population approaches pure asexuality.
A Di erence Equation Model
For the reasons discussed at the end of the Introduction, we now consider a di erence equation which has all the features thought to be relevant in the spatial model, but also has the advantages of deterministic results and rapid computation. The system represents the invasion of a sexual population by an asexual population (and vice-versa) by modelling the growth of patches of asexuals in a environment of sexuals. It attempts to capture the aggregation seen in the PCA.
For simplicity these patches are assumed to be circular. Both the sexual and asexual populations have parasites and empty sites associated with them and are time dependent. The populations are assumed to obey homogeneous mean-eld equations with interaction between sexuals and asexuals only occuring along the narrow circular boundary of the patch. It is here that the circular structure enters in that it determines the relation between the area and boundary length of the patch. A more complicated relationship would hold if the boundaries were fractal, but the circular assumption is good for patches with regular boundaries. Parasites are free to cross this boundary. Thus, as the number of asexuals increases so does the number of parasites entering the population.
The behaviour of the genotypes is determined by assuming that the value of any one bit is independent of the remainder of the genotype and calculating the average e ect of that bit on the transmission and growth rate.
This model was run with the same parameters as in the previous cellular automaton except that the virulence V is xed at 0:9 and there is no recovery. Again the invasion of a sexual population by a small group of asexual hosts was examined for a range of mutation rates. Figure 5 shows similar behaviour to that seen in gure 2, except that the results obtained are far smoother and can be sampled from longer runs. The size of the system was set at 10000 cells and was initially seeded with all sexual hosts and some parasites, their genotypes being randomly determined. After 1000 iterations of the above equations, 10 asexual hosts were added, and a further 10000 iterations performed. The maximum, minimum and average values recorded were for the last 8000 iterations. The observed results are similar to those for the cellular automata: for high mutation rates the sexual hosts are favoured, but for lower mutation rates the asexuals always win. The cut-o between the two behaviours is very sharp at around = 6 10 ?4 where the bifurcation occurs; the small spike at = 10 ?3 is due to a long period of oscillation compared to the averaging times. If the total number of cells was taken to be larger then the cut-o point occurred at a lower value of . Figures 6 and 7 show the results of a typical single run with = 0:01. From gure 5 it can be seen that the introduction of asexuals into the population leads to uctuations in the numbers of sexuals of the order of 10%. The introduced asexual hosts have a The density of ones at the eight gene positions, for the sexual host and parasite populations genotype of 255, and thus have a more than twofold advantage against the average sexual host, this is what causes the initial increase in asexual numbers with a corresponding decrease in sexual hosts. As the number of asexuals increases the amount of coupling between the two host types also increases, so that soon the asexuals are infected by parasites. Given a homogeneous environment, the parasites within an asexual patch quickly mutate to exploit the asexual genotype. This is seen by the rapid jumps in the parasite genotype ( gure 6b), which are followed by a decrease in the sexual hosts' genotype ( gure 6a) as they respond to the change in the parasites. The asexual hosts however cannot adapt, and so fall prey to the parasites, their numbers decrease, once again the parasites evolve to take maximum advantage of the sexual hosts and the cycle begins again. 4 The simpli ed population model.
We now describe the simplest of our models. Its derivation is based upon the observed behaviour of the cellular automaton model. In this model there are h a uninfected asexual hosts and h s uninfected sexual hosts. For each host genotype a proportion of the possible parasite genotypes are able to infect with probability and kill it following infection with a probability per unit time of v. One can also interpret ?1 as the factor by which the transmission is increased between genetically identical neighbours. The idea is that a typical sexual host is in a genetically random environment (as is seen in the PCA) and therefore only a proportion of his infected neighbours can infect it. This proportion is . On the other hand a typical asexual host is in a genetically uniform local environment. This model is a simpli cation of the equations of section 3, it assumes a constant value of , and " rather than letting them depend on the genotypes and the number of asexuals present. The parasite infecting a host can only infect a previously uninfected neighbour.
Let us start by writing down the di erential equation describing our model. Then we will describe its derivation. We take the following equation To understand the construction of this equation, we rstly consider an uninfected sexual host and its neighbourhood. It is assumed that the size of each neighbourhood is N and that, for both the sexuals and asexuals, there is a weighting w towards its own kind due to spatial clumping of the two populations. We assume that the ratio of infected hosts within the neighbourhood is the same as the global density. Taking account of the weighting w, the number 0 of infected hosts within the neighbourhood is 0 = N p s + "p a h s + p s + "(h a + p a ) where " = (1 ? w)=w. Generally, w is assumed to be close to one so that " > 0 is small. The expected rate of new infections per uninfected host is proportional to the number of infected hosts in the neighbourhood 0 and the proportion of infected hosts that carry a virulent parasite . Thus, if is the probability that an infected host will infect an uninfected host it interacts with and = N, the term A = (p s + "p a )h s =(h s + p s + "(h a + p a )) gives the expected rate of new infections per uninfected host. The term B = (p a + " p s )h a =((h a + p a ) + "(h s + p s )) is explained similarly. In this case the neighbourhood contains a = Np a =((h a + p a ) + "(h s + p s )) infected asexual hosts and s = N"p s =((h a + p a ) + "(h s + p s )) infected sexual hosts. The expected numbers of new infections per uninfected asexual host from the asexual and sexual infectives are therefore a and s respectively. The factor in the last quantity is present because, for the sexual parasite, the probability that the parasite will be virulent to the asexual host is .
The terms gh s (1?(h s +h a )=k) and gh a (1?(h s +h a )=k) give density limited growth curves for the sexual and asexual hosts when no parasites are present. The factor > 1 measures the advantage to the asexual species of not producing males and we have in mind that is close to 2. The terms ?vp s and ?vp s represent the fact that parasitised hosts will die as explained above.
The equation (1) de ne the dynamical system that we will be interested in. To analyse this system let us rst consider the system for sexuals alone i.e. put h a = p a = 0. This system has 3 possible xed points: A : (h s ; p s ) = (0; 0), B : (h s ; p s ) = (k; 0) and a coexistence xed point C : (h s ; p s ) = (h s ; p s ) where
To determine the stability of this xed point in the system consisting only of sexual hosts and associated parasites, the following 2 2 Jacobian which gives the community matrix is studied: It is unstable if one of the inequalities is strictly reversed in which case at least one of the populations at the xed point is negative and therefore the equilibrium is not biologically relevant.
The rst question we shall ask is about the maintenance of sexual reproduction when C is stable in the sexuals-only system i.e. whether in this case a small population of asexuals can invade. To check whether or not invading asexuals will succeed we just have to check the eigenvalues of the transverse matrix Although the sexuals are unstable to asexual invasion the important point is that as for the individual-based PCA model the resulting xed point where the sexuals and asexuals coexist is dominated by the sexuals. This is not what is usually meant by co-existence, the sexuals and asexuals are not in a truly balanced state, the asexuals can only exist by exploiting their twofold advantage when they are rare. As in the individual-based model this co-existence is because if the density of asexual hosts is very low then the sexual hosts gain no advantage from the spatial genetic randomness, i.e. the p s term dominates in both species.
Unfortunately, the position of the non-trivial four-dimensional coexistence xed point D = (h y s ; p y s ; h y a ; p y a ) cannot be found analytically, so to simplify matters we consider the case 0 < " 1. It should rst be noted that if " = 0 then the xed point D is unattainable and one of the populations decays to zero. Assuming the parasite populations reach equilibrium, then examining the behaviour of d dt hs ha+hs , the sexual population will dominate if < 1 + (1 ? )g= : (2) For this we will require that +(1? )g > 0 which is satis ed if 2 and > g. Recall that = N. If the inequality in (2) is strictly reversed then the asexual population will dominate.
For small " the non-trivial xed point will be close to one of the single population xed points ( gure 8). Given that the condition (2) holds h y a and p y a will have size of order " assumed small so that the " terms in the last two equations of (1) (3) Th rst set of inequalities is satis ed if > 1, < 1 and 0 < < v= . Therefore, to sum up, a stable pure sexual equilibrium can always be invaded by asexuals, but if is small enough, the resulting new equilibrium state is one of coexistence which is dominated by sexual hosts. The ratio of sexual to asexual hosts is O(1="). The pure asexual equilibrium can be invaded by a small population of sexual hosts provided < ?1 . 
